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We analyse the steady-state operation of two process configurations that employ a reactor
cascade with recycle. The first process configuration is a two reactor cascade in which
the feed stream enters into the first reactor. The second process configuration is a two
reactor step-feed cascade in which the feed stream enters the second reactor. In each process
configuration part of the effluent stream is recycled back into the first reactor. The reactors
in the cascade need not be of equal volume. The reaction is assumed to be a biological
process governed by Monod growth kinetics with a decay coefficient for the microorganisms.
The stability of the washout solution is determined analytically for both process con-
figurations. It follows from the stability analysis that that there is a range of residence
times over which the effluent concentration leaving a step-reactor cascade is lower than that
leaving a standard reactor cascade. Steady-state diagrams are presented showing the efflu-
ent concentration as a function of the residence time. We find that if the desired effluent
∗Corresponding author. Phone: (61)-2-4221-4400. Fax: (61)-2-4221-4845. Email: mnelson@uow.edu.au.
†email: Bronwyn.Hajek@unisa.edu.au
1
An analysis of continuous flow bio-reactors 2
concentration is not too low then the process configuration which minimises the residence
time is the step-feed reactor cascade. However, for much cleaner waste streams the process
configuration that minimises the residence time is the standard reactor cascade.
Keywords activated sludge; multistage continuous culture; staging; step-feed reactor;
wastewater; water treatment.
1 Introduction
The performance of many biological processes that are carried out in well-stirred reactors may
be improved by replacing a single bioreactor with a cascade of two, or more, bioreactors. Two
common configurations are the standard reactor cascade (SRC) and the step-feed reactor cascade
(SFRC).
In a standard reactor cascade the feed stream flows into the first reactor of the cascade. The exit
stream from this reactor acts as the feed stream for the second reactor as illustrated in figure 1.
These cascades are particularly attractive in the processing of wastewaters due to the low effluent
concentrations which can be attained.
An alternative reactor configuration is to use a step-feed reactor cascade [5, 8]. This is similar to
the standard configuration in that the product stream from the first reactor flows into the second
reactor. It differs in how the feed stream is treated. We consider a process design in which the
feed stream enters the second reactor. This configuration is illustrated in figure 2. This reactor
design is common in the activated sludge process [5, 8], where it is often referred to as a contact
stabilization activated sludge system. (An alternative design is for half of the feed stream to
enter each of the reactors. This process configuration was analysed in [10] for the special case in
which there is no settling unit. More generally the reactors need not receive an equal proportion
of the feed stream).
The application that we have in mind is the biological treatment of wastewater. Thus the state
variable of primary interest is the effluent concentration, i.e. the concentration of soluble organic
carbon, in the stream leaving the second reactor. Our interest is in how the choice of process
configuration influences this concentration. In particular we ask the question: If we are seeking to
minimise the effluent concentration are there circumstances under which one of the two process
configurations is to be preferred?
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Although there is an extensive literature on the use of cascade configurations for processing
wastewaters, this question has not been clearly answered in the literature. We refer to summaries
presented in [7] and [6] for reviews of the earlier and more recent work respectively.
We analyse the steady-state behaviour of both process configurations for a biological process
governed by Monod kinetics. Although there are only two reactors, the non-linearity of the
reaction terms combined with the coupling between the concentrations due to the operation
of a settling unit means that it is not possible to find analytical expressions for the steady-
state solutions. We carry out a stability analysis for the no-washout solution, which defines the
parameter region over which process failure occurs.
2 Equations
In this section we provide the model equations for the concentration of microorganisms and
substrate within a SRC and a SFRC. We make standard assumptions that both reactors are
well-stirred and aerated. The model equations for the SRC and SFRC models are stated in
sections 2.1 & 2.2 respectively.
2.1 Standard reactor cascade (SRC)
The dimensional and non-dimensional model equations for a SRC are given in sections 2.1.1
& 2.1.2 respectively.
2.1.1 The dimensional model (SRC)
The model equations for the first reactor in a two reactor SRC with recycle from the second
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We take the residence time in the first reactor as the main control parameter. The parameters
and state variables are defined in Appendix A.
We model the settling unit as an ideal settling unit. In this approach the performance of the
settling unit is characterised by two parameters: the concentration factor (C), C ≥ 1, and the
recycle ratio, R. For the special case C = 1 the ‘settling unit’ should be considered to be a recycle
unit. For a given value of the recycle ratio the maximum possible value of the concentration





where w is the wastage fraction. It is sometimes useful to think of a specified concentration





The maximum value for this expression, the theoretical maximum (Rmax,t) occurs when there is
no wastage (w = 0)




The ideal settling unit model assumes a highly idealised operation of the settling unit. However,
it provides an acceptable approximation when, as is the case here, the flow rate in the influent
stream is constant [4]. The development of more detailed models for dynamic simulations is an
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active area of research. An example of such a model is the one-dimensional hindered-compression-
dispersion model due to Bürger and Diehl which has been used in a number of recent publications
[1, 2, 3, 9, 11]. A significant problem associated with the use of more detailed settling unit models
is obtaining the necessary experimental data to calibrate them.
In our numerical simulations we use typical parameter values for the activated sludge treatment
of wastewater [12]: Ks = 100 (mg COD) (L)
−1
, S0 = 4000 mg CODL
−1, kd = 0.028 day
−1,




. We take the wasted fraction to be
w = 0.1.
2.1.2 The dimensionless model (SRC)
We introduce dimensionless variables for the substrate concentration in the ith reactor of the cas-
cade [S∗i = Si/Ks], the microorganism concentration in the i
th reactor of the cascade [X∗i = Xi/ (αKs)]
and time [t∗ = µmt].






























− k∗dX∗1 . (4)























− k∗dX∗2 , (6)
where the parameter groups are: the dimensionless substrate concentration in the feed [S∗0 = S0/Ks],
the dimensionless decay rate [k∗d = kd/µm], and the dimensionless residence time [τ
∗
i = Viµm/F ].
The values of the dimensionless parameters are: S∗0 = 40, and k
∗
d = 0.028.
The steady-state solutions and their stability for the model given by equations (3)–(6) for the
case when there is no recycle (R = 0) was analysed in [10].
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2.2 Step-feed reactor cascade (SFRC)
The dimensional and non-dimensional model equations for a SFRC are given in sections 2.2.1
& 2.2.2 respectively.
2.2.1 The dimensional model (SFRC)
The model equations for the first reactor in a two reactor SFRC with all the feed entering the











































The model parameters and state variables are defined in appendix A.
2.2.2 The dimensionless model (SFRC)
























− k∗dX∗1 . (8)
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− k∗dX∗2 , (10)
where the parameter groups are defined in section 2.1.2.
3 Results
For both the SRC, equations (3)–(6), and the SFRC, equations (7)–(10), it is possible to reduce
the steady-state problem down to a single polynomial equation for the substrate concentration in
the second reactor. However, it is not possible to obtain any useful insights from this equation.
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∗
0 , 0, S
∗
0 , 0) .
In section 3.1 we determine the conditions under which this solution is locally stable.
In discussing our results mention will be made of a ‘transcritical bifurcation’. Rather than




= x (µ− x) .
The steady-state solutions of this differential equation consist of the branch of solutions
(µ, x) = (µ, 0) ,
and the branch of solutions
(µ, x) = (µ, µ) .
Observe that when µ 6= 0 the two branches of solutions are distinct, but that when µ = 0 they
coalesce at the point
(µ, x) = (0, 0) .
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The graph of the steady-state solutions in the µ − x plane is known as a steady-state diagram.
Place a small circle of radius ε on the steady-state diagram centered around the point (µ, x) =
(0, 0). In both the regions −ε < µ < 0 and 0 < µ < ε the steady-state diagrams contains
two steady-state solutions within the circle. At the point (0, 0) the steady-state diagram only
contains one solution. When the number of steady-state solutions changes in this way inside a
circle of arbitrarily small radius the point (0, 0) is known as a transcritical bifurcation.
Transcritical bifurcations are an ubiquitous in bioprocess engineering in which there is no biomass
in the influent stream. The reason for this is that in the absence of biomass flowing into the
reactor there is always a steady-state solution in which the biomass concentration is zero. This
is known as the ‘washout’ steady-state solution branch.
3.1 Stability analysis for the washout solution
In sections 3.1.1 & 3.1.2 we establish the critical value of the residence time in the first reactor
(τ∗1 ) at which the washout solutions lose their linear stability (τ1,tr). For values of the residence
time lower than this we have process failure.
3.1.1 The standard reactor cascade (SRC)
Evaluating the Jacobian matrix of system (3)–(6) along the washout solution branch gives
J (S∗0 , S
∗








0 − (1+R)τ∗1 +
S∗0
1+S∗0
− k∗d 0 CRτ∗1
1+R
nτ∗1














− (1 + n) (1 +R)±
√
[(1 + n) (1 +R)]
2 − 4n (1 + r)
}
.
These eigenvalues are always real and negative. The two remaining eigenvalues are given by
λ3,4 =
1









aSRC = 2 [S
∗









R+ (1− n)2 .
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The eigenvalue corresponding to the positive square root is larger than that corresponding to
the negative square root. Thus the washout solution loses stability when the former is equal to
zero. This happens when
τ∗1,tr,SRC =
1 + S∗0
2 [S∗0 − (1 + S∗0 ) k∗d]
·
[






The expression for the critical value of the residence time splits into two components. The left-
hand component only depends upon one property of the wastewater, the feed concentration (S∗0 ),
and one property of the biomass, the decay rate (k∗d). The right-hand component only depends
upon properties of the reactors, the relative size of the first reactor (n), and the settling unit (C
& R).
We note the following results
τ∗1,tr,SRC (R = 0) =
2n n ≤ 1,2 n ≥ 1,
τ1,tr,SRC (R = Rmax,t) = 0.
This last equation shows that when the settling unit operates at its theoretical maximum the
activated sludge process can be operated at any residence time — the washout solution is always
unstable.
3.1.2 The step-feed reactor cascade (SFRC)
Evaluating the Jacobian matrix of system (3)–(6) along the washout solution branch gives
J (S∗0 , S
∗








0 − Rτ∗1 +
S∗0
1+S∗0
− k∗d 0 RCτ∗1
R
nτ∗1














− [1 + (1 + n)R]±
√








− [1 + (1 + n)R]±
√
[1 + (1− n)R]2 + 4nR2
}
.
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These eigenvalues are always real and negative. The two remaining eigenvalues are given by
λ3,4 =
1









aSFRC = 2 [S
∗
0 − (1 + S∗0 ) k∗d]nτ∗1 − (1 + S∗0 ) [(1 + n)R+ 1] ,
bSFRC = 4CnR2 + [(n− 1)R− 1]2 . (13)
The eigenvalue corresponding to the positive square root is larger than that corresponding to
the negative square root. Thus the washout solution loses stability when the former is equal to
zero. This happens when
τ∗1,tr,SFRC =
1 + S∗0
2 [S∗0 − (1 + S∗0 ) k∗d]
·
[






As was the case for the SRC, c.f. equation (11), the critical value of the residence time splits into
two components. The first is determined by properties of the wastewater and the biomass. The
second is determined by properties of the reactors and the settling unit. The first component is
identical for both process configurations.
Care must be taken in interpreting the results for the SFRC when there is no recycle (R = 0). In
this case reactor one becomes irrelevant, as there is no flow between it and the second reactor, and
the appropriate eigenvalues are determined by a system governed by two differential equations
rather than four. The stability requirement for this system is not the stability requirement for
the system with four differential equations. Thus the stability of the system without recycle
can not be obtained by putting the recycle parameter equal to zero in the eigenvalues obtained
above.
Using equations (11) & (14) we note the following
lim
R→0
τ∗1,tr,SFRC (R) = 0 < τ
∗
1,tr,SRC (R = 0) ,
τ∗1,tr,SFRC (R = Rmax,t) = 0 = τ
∗
1,tr,SRC (R = Rmax,t) .
These results show that for sufficiently small recycle ratios the transcritical bifurcation for the
SFRC will occur at a smaller residence time than that for a SRC. In the limit that the recycle
ratio approaches its theoretical maximum, the value of the residence time at the transcritical
bifurcation approaches zero for both process configurations.
An analysis of continuous flow bio-reactors 11
4 Discussion
In section 4.1 we use results obtained in section 3.1 regarding the stability of the washout solution.
These are used to determine which reactor configuration becomes operable first as the residence
time is increased from zero. In section 4.2 we investigate how the effluent concentration leaving
the reactor cascade (S∗2 ), i.e. the concentration of soluble organic carbon, depends upon the
residence time in the first reactor, the process configuration and the parameters of the reactors
and settling unit.
4.1 For which reactor configuration does the washout solution lose
stability first?
Suppose that the residence time in the first reactor is slowly increased from zero. Initially, the
washout solution branch is stable. At the critical value of the residence time the washout solution
is no longer linearly stable. For higher values of the residence time process failure no longer
occurs. The critical values are denoted by τ∗1,tr,SRC, equation (11), and τ
∗
1,tr,SFRC, equation (14),
for the SRC and the SFRC respectively. Does this transition occur first for the SRC or for the
SFRC?
The value of the recycle ratio is constrained to range between the values R = 0, i.e. there is no
recycle, and the theoretical maximum R = Rmax,t = 1/ (C − 1), representing a settling unit that
captures all of the suspended solids.
We noted earlier that when there is no recycle (R = 0), the value of the residence time at
the transcritical bifurcation for the SRC (τ∗1,tr,SRC) is greater than that of the limiting value of
the SFRC (τ∗1,tr,SFRC). At the other extreme, when the recycle ratio is equal to its theoretical
maximum, i.e. when R = Rmax,t, the value of the residence time at which the transcritical
bifurcation occurs is identical for both process configurations (τ∗1,tr = 0). To investigate what
happens in the limit when the recycle ratio approaches its theoretical maximum we set









An analysis of continuous flow bio-reactors 12
and take the wastage fraction, w, as a small parameter. Employing a Taylor series expansion
about w = 0, we find that for the SRC,
τ∗1,tr,SRC =
1 + S0




and for the SFRC
τ∗1,tr,SFRC =
1 + S0




We deduce that for process configurations employing a settling unit, which means that C > 1,




Are there any other values for the recycle ratio at which the values of the residence time at the
transcritical bifurcation are equal, i.e. at which τ∗1,tr,SFRC = τ
∗
1,tr,SRC? Equating the expressions
for the two values of the residence time, equations (11) & (14), we find that the two residence
times are equal when
bSRC − n2 − bSFRC = 2n
√
bSFRC.
The only meaningful solution to this equation is




Thus the only point of equality is when R = Rmax,t.
Two related points now follow. Firstly, over the range 0 ≤ R < Rmax,t, the value of the
residence time at the transcritical bifurcation is lower for the SFRC than for the SRC, i.e.
τ∗1,tr,SFRC < τ
∗
1,tr,SRC. Secondly, over the range
τ∗1,tr,SFRC < τ
∗ ≤ τ∗1,tr,SRC,
the effluent concentration leaving the SFRC is lower than that leaving the SRC. At the very
least, the same conclusion must hold for values of the residence time that are slightly higher
than τ∗1,tr,SRC.
Figure 3 illustrates the dependence of the critical value of the residence time for both process
configurations for three values of the concentration factor. For each value of the concentration
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factor the critical value is determined for three values of the reactor size parameter (n). For the
first subfigure the ‘settling’ unit behaves purely as a recycle reactor as particulate matter is not
concentrated, i.e. C = 1. The second subfigure uses an intermediate value for the concentration
factor, C = 1.5. This sets a maximum allowable value for the recycle ratio, equation (2). In the
final subfigure the settling unit operates at its maximum efficiency with C = Cmax, equation (1),
for each value of the recycle ratio. The inset in (c) shows an enlargement for a smaller range of
residence times.
In figure 3 (a) & (c) the lines for the SRC and the SFRC decrease and increase to an asymptotic
limit respectively. In figure 3 (b) the lines for the SRC decreases to zero as the recycle ratio
increases to its theoretical maximum. The lines for the SFRC increase to a maximum, before
decreasing to zero as the recycle ratio increases to its theoretical maximum.
As has been established theoretically in each subfigure, for a fixed value for the reactor size
parameter (n), the critical value for the residence time is higher for the SRC. For each subfigure
the critical value of the residence time decreases as the value for the reactor size parameter
increases.
4.2 The effluent concentration
In figures 4–6 we investigate the influence of the process configuration upon the effluent concen-
tration leaving the reactor cascade. For each process configuration we further investigate the
effect of the reactor size parameter (n) and the two parameters associated with the operation
of the settling unit (C, R). These figures represent the cases of: a recycle unit, i.e. C = 1.0; an
intermediate value for the concentration factor, C = 1.5; and the idealised case when particulate
matter is concentrated at its theoretical maximum value, i.e. C = Cmax.
In figure 4 (a) the size of the two reactors in the cascade are identical. We first consider the
SRC, the behaviour of which is denoted by the solid (red) lines. The washout solution loses
stability at the lowest value of the residence time when the recycle ratio takes its highest value
(R = 1.5) and it loses stability at the highest value of the residence time when the recycle ratio
takes its lowest value (R = 0.5). Thus increasing the recycle ratio decreases the critical value
of the residence time. Along the no-washout solution branch there are two distinct regions. As
the residence time is increased through the critical value there is a very rapid decrease in the
effluent concentration. For higher values of the residence time the decrease is much slower. The
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inset figure shows that for sufficiently high values of the residence time the effectiveness of the
three configurations swops: the process configuration with the lowest value of the recycle ratio
performs best whilst the configuration with the highest value of the recycle ratio performs worst.
We now consider the SFRC, the behaviour of which is denoted by the dashed (blue) lines. The
performance of this configuration is the opposite of the SRC. The washout solution loses stability
at the lowest value of the residence time when the recycle ratio takes its lowest value (R = 0.5)
and it loses stability at the highest value of the residence time when the recycle ratio takes its
highest value (R = 1.5). Along the no-washout solution branch there are three distinct regions.
For values of the residence time slightly larger than the critical value the effluent concentration
decreases dramatically, though not as dramatically as was the case for the SRC. For sufficiently
high values of the residence time the effluent concentration decreases very slowly, as was the case
for the SRC. However, there is now an evident ‘transition region’ separating these two regions.
It can be observed that in the transition region the relative effectiveness of the three process
configurations is swopped so that at sufficiently high residence times the configuration with the
highest value of the recycle ratio gives the lowest effluent concentration whilst the configuration
with the lowest value of the recycle ratio gives the highest effluent concentration.
This figure shows, as demonstrated in section 3.1, that the critical values of the residence time
for the SFRC are lower than those for the SRC. It is interesting to note that, for the values of
the recycle ratio used, there is a range of residence times over which the performance of any of
the step-feed reactor configurations is superior to that of any of the standard reactor cascades.
If an effluent concentration that is 50% of the influent concentration is acceptable (S∗2 = 20)
then this can be obtained at a lower residence time using a SFRC. However, if a reduction of
90%, or higher, is required, i.e. S∗2 ≤ 4, then the horizontal dashed black line shows that can be
obtained at a lower residence time using a SRC. As the value of the recycle ratio is increased from
R∗ = 0.5 to R∗ = 1.5 the value of the residence time at which there is 90% pollutant removal in
the SRC decreases by 9.7%: from τ∗ = 0.75 to τ∗ = 0.59592.
The inset replots the data on a semi-log scale. This shows that at a dimensionless residence
time in the first reactor of two, that the effluent concentration leaving a SRC is approximately
two orders of magnitude lower than that leaving the SFRC. The latter is approximately one,
representing a 97.5% reduction in the pollutant concentration.
In figure 4 (b) the reactor size parameter has been halved from n = 1 to n = 0.5. The general
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features of the six process curves are identical to those described for figure 4 (a). The feature of
most interest from a practical perspective is that for values of the residence time greater than
criticality the effluent concentrations are now higher. In particular, the values of the residence
time at which the effluent curves intersect the 90% removal line are much higher. On average
the residence times for 90% pollutant removal in a SRC when n = 0.5 are 25.6% higher than
those when n = 1. The effect of increasing the recycle ratio is also diminished when n = 0.5. As
the value of the recycle ratio is increased from R∗ = 0.5 to R∗ = 1.5 on the residence time at
which there is 90% pollutant removal in the SRC now decreases by only 5.6%: from τ∗ = 0.9375
to τ∗ = 0.88542.
In figure 4 (c) the reactor size parameter has been doubled from n = 1, figure 4 (a), to n = 2. The
general features of the graphs are again identical to those described for figure 4 (a). The feature
of most interest from a practical perspective is that for values of the residence time greater than
criticality the effluent concentrations are now lower. For example, the effluent concentration
curves for the step-feed process configurations are now below the 90% removal line for values
of the residence time that are less than one. On average the residence times for 90% pollutant
removal in a SRC when n = 2.0 are 32.5% lower than those when n = 1. However, the effect
of increasing the value of the recycle ratio from R∗ = 0.5 to R∗ = 1.5 on the residence time at
which there is 90% pollutant removal in the SRC is slightly diminished. It decreases by 8.3%:
from τ∗ = 0.5 to τ∗ = 0.45833.
A general conclusion from figure 4 is that if we want to reduce the pollutant level by a moderate
amount, of the order of 50%, then then a SFRC is superior to the SRC. However, if we want to
reduce the pollutant level by 90%, or higher, then a SRC should be used. In each case, the best
value to take for the recycle ratio depends upon the desired effluent concentration. For example,
when n = 1, n = 0.5 and n = 2, in figures 4 (a–c), the best values for the recycle ratio are
R = 1, R = 1, and R = 0.5 respectively. However, if the desired effluent concentration is slightly
lower then the best performance will be obtained by setting R = 1.5. For sufficiently low target
effluent concentrations the best configuration is the SRC with the highest value for the recycle
ratio (R = 1.5).
The results shown in figure 4 are for the special case in which a recycle unit is used. In figure 5 a
settling unit is used with a concentration factor of C = 1.5. In the former case there was a range
of residence times over which all three step-feed reactor designs had a superior performance to
any of the three standard reactor cascades. This is no longer the case. For each value of the
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recycle ratio there is a range of values of the residence time for which the SFRC is superior to
the equivalent SRC. However, a SRC with R = 1 is always superior to a step-fed reactor cascade
with either R = 1.0 or R = 1.5 (provided that this comparison is meaningful).
In figure 4 the curves for each process configuration, i.e. the curves for the three standard reactor
cascades or the curves for the three step-feed reactor cascades, intersected, so that the value for
the recycle ratio that gives the best performance is a function of the desired effluent concentration.
The curves in figure 5 do not intersect, so that regardless of the desired effluent concentration the
best performance is always achieved by taking the highest value of the recycle ratio (R = 1.5).
Thus we have the conclusion that for ‘moderate’ effluent concentrations the best performance is
obtained by using a SFRC with R = 1.5 whilst if effluent streams are required with extremely
low concentrations of pollutant a SRC should be used with R = 1.5. It is evident from each of
the three subfigures that the range of residence times over which the step-feed reactor is superior
to the standard reactor cascade may be quite small.
Replacing a recycle unit (C = 1) with a settling unit (C > 1) significantly reduces the residence
time required for 90% removal of the pollutant in a standard reactor cascade. Across figures 5 (a)–
5 (c) the average reductions compared to the corresponding values in figures 4 (a)–4 (c) are 29.6%
(R∗ = 0.5), 53.1% (R∗ = 1.0) and 76.9% (R∗ = 1.5).
If figure 4 represents one extreme, when a recycle unit is attached to a process configuration, then
figure 6 represents the other extreme; when a settling unit operating at its theoretical maximum
efficiency is attached to the process configuration. As in figure 5 the curves for each process
configuration do not intersect, so that the best performance is always obtained by taking the
maximum value of the recycle ratio (R = 1.5). For moderate values of the effluent concentration
the lowest residence time is again obtained by deploying a SFRC, whilst for lower values of
the effluent concentration the lowest residence time is again obtained by deploying the SRC.
Unsurprisingly, the effluent concentrations are lowered by deploying a settling unit which works
at its theoretical maximum.
Replacing a recycle unit (C = 1) with a settling unit operating at its theoretical maximum
(C = Cmax) significantly reduces the residence time required for 90% removal of the pollutant in
a standard reactor cascade. Across figures 6 (a)–6 (c) the average reductions compared to the
corresponding values in figures 4 (a)–4 (c) are 78.7% (R∗ = 0.5), 83.2% (R∗ = 1.0) and 86.1%
(R∗ = 1.5).
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For sufficiently large values of the residence time it is anticipated on practical grounds that the
performance of the process configurations should only weakly depend upon the operation of a
recycle/settling unit. The insets in figures 4–6 support this view.
5 Conclusion
We have investigated the performance of two common process configurations both employing
two reactors: the standard reactor cascade (SRC) and the step-feed reactor cascade (SRC).
In both configurations a settling unit is placed after the final reactor in the cascade, recycling
biomass into the first reactor of the cascade. For the SFRC it was assumed that the feed stream
entered the second reactor. A standard biochemical model was used in which soluble substrate
is biodegraded by biomass and the biomass population is subject to decay.
Due to the nonlinear coupling between the state variables it is not possible to find an explicit
representation of the state variables along the no-washout solution branch. However, it is possible
to carry out a linear stability analysis for the washout solution branch. We showed that the
critical value of the residence time for the SFRC is always lower than that for the SRC. This
implies that there is a range of values for the residence time over which the effluent concentration
for the step-feed reactor cascade must be lower than that from the standard reactor cascade. Our
numerical results showed that the critical value of the residence time decreases as the value of
the reactor size parameter increases.
We investigated how the effluent concentration depends upon the choice of attachment added
after the final reactor, i.e. if a recycle unit or a settling unit is added. It was always the case
that for moderate reductions in the effluent concentration a SFRC minimises the residence time
whereas for large reductions in the effluent concentration a SRC minimises the residence time.
When a recycle unit is added, the value for the recycle ratio that minimises the residence time
depends upon the value of the required effluent concentration. When a settling unit is added,
the highest value for the recycle ratio always minimised the residence time. When a settling unit
is deployed and it operates at the maximum value of the recycle ratio (R = 1.5) then the range
of residence time values over which the SFRC outperforms the SRC is very narrow.
In this paper our focus has been on the concentration of soluble organic carbon leaving the
reactor cascade. The relative efficiencies of the process configurations considered may be different
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when other targets are considered. For example, two reactor configurations for nitrogen removal
commonly employ anoxic conditions in the first reactor and aerobic conditions in the second
reactor. The choice of whether the feed enters the first or second reactor may now have more
profound consequences. We intend to investigate such considerations at a later date.
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A Symbols used
A subject j refers to a property of the jth reactor in a reactor cascade containing n reactors.
C Concentration factor (C ≥ 1) (—)
Cmax The maximum possible value of the concentration factor. (—)
Cmax = (R+ 1) / (R+ w)








R The recycle ratio. (—)
Rmax The maximum value of the recycle ratio. (—)
Rmax = (1− wC) / (C − 1).
Rmax,t The theoretical maximum value of the recycle ratio. (—)





S∗j Dimensionless substrate concentration. (—)
S∗j = Sj/Ks
Ŝ∗ The dimensionless substrate concentration along the no-washout solution (–)
branch.




S∗0 Dimensionless substrate concentration in the feed. (—)
S∗0 = S0/Ks
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SFRC Step-feed reactor cascade.
SRC Standard reactor cascade.
Vj Volume of a bioreactor. (L)




X∗j Dimensionless microorganism concentration. (—)
X∗j = Xj/ (αKs)




X∗0 Dimensionless microorganism concentration in the feed. (—)





k∗d Dimensionless death coefficient. (—)
k∗d = kd/µm





t∗ Dimensionless time. (—)
t∗ = µmt
w The wastage fraction. (—)
α Yield factor. Mass of micro-organisms produced by consumption of (mg MLSS) (mg COD)
−1
one unit of substrate.








τ residence time. (day).
τ∗ Dimensionless residence time. (—)
τ∗ = V µm/F
τ∗1,tr The value of the dimensionless residence time at the transcritical bifurcation. (—)
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Figure 1: Schematic figure of a standard reactor cascade (SRC) with 2 reactors.



















Figure 2: Schematic figure of a step-feed reactor cascade (SRC) consisting of 2 reactors.




























(c) C = Cmax.
Figure 3: Variation of the critical value of the residence time (τ∗cr) at which the washout so-
lution loses stability as a function of the recycle ratio (R). The dashed, solid, and dashed-dot
lines correspond to the cases n = 0.5, n = 1 and n = 2 respectively. The red lines (monotoni-
cally decreasing) represent the standard reactor cascade. The blue lines represent the step-feed
cascade.














(a) n = 1.



























(c) n = 2.
Figure 4: The variation of the effluent concentration (S∗2 ) as a function of the dimensionless
residence time in the first reactor (τ∗1 ) for both process configurations. The solid (red) and
dash (blue) curves represent the standard reactor cascade and the step-feed reactor cascade
respectively. Three values for the recycle parameter are shown: R∗ = 0.5, 1.0 & 1.5. The
smallest value for the recycle ratio (R) is plotted in black and the arrow shows the direction in
which the value of the recycle ratio increases. The horizontal dashed line corresponds to 90%
removal of the pollutant (S∗2 = 4). Parameter value: C = 1.
















(a) n = 1.































(c) n = 2.
Figure 5: The variation of the effluent concentration (S∗2 ) as a function of the dimensionless
residence time in the first reactor (τ∗1 ) for both process configurations. The solid (red) and
dash (blue) curves represent the standard reactor cascade and the step-feed reactor cascade
respectively. Three values for the recycle parameter are shown: R∗ = 0.5, 1.0 & 1.5. The
smallest value for the recycle ratio (R) is plotted in black and the arrow shows the direction in
which the value of the recycle ratio increases. The horizontal dashed line corresponds to 90%
removal of the pollutant (S∗2 = 4). Parameter value: C = 1.5.
















































(c) n = 2.
Figure 6: The variation of the effluent concentration (S∗2 ) as a function of the dimensionless
residence time in the first reactor (τ∗1 ) for both process configurations. The solid (red) and
dash (blue) curves represent the standard reactor cascade and the step-feed reactor cascade
respectively. Three values for the recycle parameter are shown: R∗ = 0.5, 1.0 & 1.5. The
smallest value for the recycle ratio (R) is plotted in black and the arrow shows the direction in
which the value of the recycle ratio increases. The horizontal dashed line corresponds to 90%
removal of the pollutant (S∗2 = 4). Parameter value: C = Cmax.
